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Abstract—This paper presents new methods for phase and magnitude interpolation and demonstrates their usefulness in reconstructing images from a limited number of frequency samples.
A collection of multiscale frequency domain sampling geometries
are developed based on the partition of the spectrum into low-,
medium-, and high-frequency blocks. A nonstationary statistical
approach is introduced that is based on adaptively selecting the
best stochastic model in each frequency block. To develop effective
models, the magnitude spectrum is preprocessed using a logarithmic transformation. Phase interpolation requires preprocessing by
an appropriate phase unwrapping method. The new stochastic
interpolation method is compared against cubic spline, bilinear,
and nearest neighbor interpolation methods. Image reconstruction
results are presented for sampling rates that retain 6.01% to
28.91% of the 2-D fast Fourier transform (FFT) samples. Image
interpolation methods are compared based on the peak signalto-noise ratio and the mean structural similarity index for satellite
images of rural, natural, and urban images. The results indicate
that the stochastic (Kriging) interpolation approach provides the
best rural image reconstructions using just 6.01% of the 2-D FFT
samples. Bilinear interpolation also gave excellent reconstructions
for natural and urban images. For natural and urban images,
stochastic interpolation gave the best magnitude-only interpolation results.
Index Terms—Magnitude spectrum interpolation, phase spectrum interpolation.

I. I NTRODUCTION

A

WIDE variety of remote sensing applications can
benefit from effective frequency-domain interpolation
methods. Potential applications range from image formation,
super-resolution, and image compression. Just as important,
while particularly challenging, is the development of new methods for phase spectrum interpolation (see [1] for the importance
of phase for general signals). In remote sensing applications,
the phase represents a physical measurement such as surface
topography in interferometry [2]–[9]. Given the significant
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differences between phase and magnitude spectra, we will
consider them separately.
The study of frequency-domain image representations can
be motivated from the basic image formation processes. As an
example, in computed tomography (CT), imaging consists of
sampling the spectrum along a collection of radial lines [10].
Image reconstruction requires interpolation from the radial line
samples on a regular Cartesian frequency grid. CT images
are then reconstructed using a regular 2-D (or 3-D) inversefast Fourier transform (FFT). A CT imaging formulation of
spotlight-mode synthetic aperture radar can be found in [11].
Super-resolution methods can also be thought of as methods for
recovering high-frequency information from lower frequency
images [12]. A more general example is to simply consider image reconstructions from limited numbers of frequency-domain
samples. In all of these applications, effective methods for frequency domain interpolation can lead to better reconstructions.
In CT, the standard frequency-domain interpolation methods
are based on nearest neighbor and bilinear interpolation (page
59 in [10]). More generally, splines are recommended as “a
perfect fit for signal and image processing” in [13], with spline
interpolation as one of the best-known applications.
In what follows, we will consider the phase and magnitude
spectrum interpolation separately. Here, note that the phase
spectrum is well-known to be of fundamental importance for
reconstructing both signals and images [1]. As shown in [1],
under suitable conditions, objects of finite extent can be fully
reconstructed from their phase-spectrum samples.
In this paper, our focus will be on the reconstruction of
remote sensing imagery from magnitude and phase spectrum
samples. The methods are developed and tested on ten representative and openly available satellite images of urban, rural,
and natural scenery (see examples in Fig. 1). For testing our
results, we have used three rural images, five urban images, and
two natural images [14]–[17]. The urban images are selected
subregions of a single, large ASTER SpectroRadiometer image
of London, England.
Our primary focus is on the development of effective interpolation methods that can be used to reconstruct the original input
images from a limited number of frequency domain samples.
The basic approach can be summarized in three steps. First,
the phase and magnitude spectral samples are generated using a
2-D FFT. Second, phase and magnitude interpolation is used to
reconstruct the 2-D FFT spectrum from a limited subset of the
original samples. Third, an approximation to the original image
is obtained using an inverse 2-D FFT.
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Fig. 1. Three of the ten images used in this study, sampled from the three image class types. (a) Purdue University Agronomy Research Center,1 size 1069 × 1374
(rural example). (b) Sub scene from ASTER SpectroRadiometer image of London, England,2 size 401 × 501 (urban example). (c) The Grand Canyon and surrounding country,3 size 351 × 501 (natural image example). The displayed images in (b) and (c) are subimages of all the images that are available at the web links.
http://www.lars.purdue.edu/home/image_data/spectral_vision_data.html, Name: sv010813_ARC_F106_1m; http://asterweb.jpl.nasa.gov/gallery/images/londonfinal.jpg; http://photojournal.jpl.nasa.gov/catalog/PIA03402.

There are significant challenges associated with the sampling
and interpolation processes. In summary, the primary ideas (and
contributions) of this paper are as follows.
• Multiscale frequency-domain sampling geometries: A collection of sampling geometries is introduced that provides
for dense sampling near the lower frequencies, followed
by sparser sampling in the medium frequencies, and very
sparse sampling in the higher frequencies. The motivation
for the approach comes from the fact that the majority
of image energy is concentrated in the lower frequency
bands, with significantly less energy in the higher frequency bands. We use the term multiscale to describe the
approach (see [18] for a similar frequency-domain partition). We consider independent sampling geometries for
the phase and magnitude spectra, with denser sampling geometries reserved for the phase spectrum (motivated
by [1]).
• Nonstationary adaptive stochastic spectral modeling: We
introduce an adaptive approach that selects the best
stochastic model based on the best fit from a collection of
stochastic models. The approach is based on an extension
of spatial statistical models and methods to the spectral
domain [19]. Furthermore, the method does not assume
stationarity over the entire spectral domain. Instead, stationarity is only assumed over selected partitions of the
frequency spectrum.
• Phase spectrum interpolation based on phase
unwrapping: Phase interpolation is very challenging due
to significant phase-wrapping artifacts. This necessitates
the use of phase unwrapping prior to stochastic modeling
and interpolation. A collection of phase unwrapping
algorithms are evaluated to select the best approach.
• Magnitude spectrum interpolation based on logarithmic transformation: Magnitude interpolation is complicated by the significant decay as a function of
frequency magnitude. To address this issue, stochastic modeling requires the use of a logarithmic transformation prior to interpolation. As we describe in
Section II, this transformation also allows us to provide
effective stationary model approximations to nonstationary random fields. The basic three-step process is simply to 1) apply the log(.) to the magnitude spectrum,

2) interpolate, and 3) apply the exp(.) function to reconstruct the magnitude spectrum.
• Quantitative comparisons of stochastic and deterministic approaches based on the mean structural similarity
index: To evaluate the effectiveness of the approach we
provide quantitative reconstruction results based on the
peak signal-to-noise ratio (PSNR) and the mean structural
similarity (SSIM) index [20]. Here, we note that the use
of the PSNR has been shown to correlate very poorly to
human perception [21]. The mean SSIM provides for an
objective assessment of the quality of the reconstructed
images. SSIM is defined over local image windows at
every pixel using
SSIMI,J (i, j) = LI,J (i, j) · CI,J (i, j) · SI,J (i, j)
where LI,J is a measure of local luminance similarity,
CI,J is a measure of local contrast similarity, and SI,J is a
measure of local structure similarity. They are given by
LI,J (i, j) =

2μI (i, j) · μJ (i, j) + C1
,
μ2I (i, j) + μ2J (i, j) + C1

CI,J (i, j) =

2σI (i, j) · σJ (i, j) + C2
,
σI2 (i, j) + σJ2 (i, j) + C2

SI,J (i, j) =

2σI,J (i, j) + C3
σI (i, j) · σJ (i, j) + C3

where μI , μJ denote the weighted averages, σI , σJ denote
the weighted standard deviations, σI,J denotes the crossstandard deviation, and C1 , C2 , C3 are stabilizing constants. The mean SSIM is the average SSIM over the entire
image region. The PSNR and mean SSIM measurements
are used to compare the proposed stochastic approach
with the nearest neighbor, bilinear, and cubic interpolation
methods. Separate comparisons are provided for rural,
natural, and urban images.
The proposed stochastic method for phase and magnitude
spectrum interpolation is termed Kriging by Matheron [22].
According to [22], Kriging was independently developed by
Matheron and Gandin. In what follows, we provide a brief
summary of Kriging applications in remote sensing.
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Cheng et al. used Kriging to interpolate terrain elevation information to rectify SPOT satellite images in [23].
Kanaroglou et al. [24] used Kriging to estimate the missing
pollution map levels when ground cover and clouds obstruct
measurement. Rossi et al. [25] used Indicator Kriging to interpolate unknown image regions of Landsat Thermatic Mapper
images. Ferretti et al. utilized Kriging to filter and resample the
atmospheric permanent scatterers that influence the accuracy of
synthetic aperture radar (SAR) interferometry [26]. Blaschke
utilized Kriging for object classification in remotely sensed
images to assist in appending a geographic information system
database to the image data [27]. Djamdji and Bijaoui [28]
utilized Kriging to map the disparities over two stereo images.
The disparity map was then used to register the two images
that constitute the pair. Carr demonstrated that Kriging can be
modeled in a way to achieve less smoothing in Kriging by
performing a two-step Kriging process, where the outputs are
combined in a way that is analogous to summing high- and lowpass filtered images [29].
More recently, Atkinson et al. used cokriging based on
coregistered images of different spatial and spectral resolutions
to provide reconstructions at increased spatial resolution (superresolution) [30]. Foster and Evans [31] reported on the use of
Kriging and other methods for reconstructing ionospheric total
electron count maps. In [32], the authors showed that Kriging
methods are very effective in providing regional objective analysis for merging several data sets.
In our approach, we consider the application of Kriging
methods for reconstructing the full Fourier spectrum from a
dyadic, multiscale sampling of the frequency domain. The
motivation for choosing this frequency grid comes from the
desire to produce effective image reconstructions at relatively
low sampling densities. In other words, our motivation comes
from developing an effective approach for representing and
encoding remote sensing imagery. By keeping the sampling
density low, we have an effective image compression approach.
Here, we note that effective methods for remote sensing image
compression are of current interest (see [33]–[36]).
As in our paper, the authors in [33]–[35] were interested in
developing fast methods for coding remote sensing images. The
authors in [33] presented a low-complexity method for lossless
compression of hyperspectral images by using joint decoding
of correlated bands of hyperspectral images. Similarly, in [34],
the authors presented a modification of the Karhunen–Love
transform (KLT) to allow for a fast method for coding remotesensing images. In [35], the authors propose a pairwise orthogonal transform for spectral image coding that is recommended
as a spectral decorrelator that is more efficient than wavelets
without having the high computational complexity associated
with the KLT.
Our basic idea of reconstructing images from a limited number of frequency-domain samples is also related to compressive
sensing approaches. Here, we note that the authors of [36]
proposed the use of compressive sensing techniques for spacetime tomographic SAR inversion. This approach provided a
method of spatial-time interpolation that is motivated from the
fact that tomographic elevation resolution is sampled at “at least
one order of magnitude lower than in range and azimuth” [36].

Our approach of minimizing the required number of FFT
coefficients has both direct and indirect applications in remote
sensing. Directly, our approach allows us to effectively compress the image. Here, a fraction of the FFT coefficients need to
be transmitted. The images can then be reconstructed from limited frequency-domain samples. An indirect application comes
from the fact that we can achieve significant computational
savings based on the fact that frequency-domain interpolation
from the acquisition geometry to the FFT sampling geometry
(for image formation) only needs to reconstruct a small fraction
of the full-scale FFT-grid samples. Another indirect application
comes from the possible redesign of the (frequency-domain)
image acquisition geometry to only produce samples that are
close to the reduced number of FFT samples required by the
multiscale geometry. Here, note that the standard method for
addressing the relationship between the imaging acquisition
geometry is to provide some guarantee of the resulting image
resolution (e.g., see [37]). In our approach here, starting from
an image reconstructed at a given resolution, we show how to
reduce the number of frequency-domain samples to achieve
image reconstruction of sufficient image quality. When the
image acquisition is in the frequency domain, as in SAR,
this information can be used to select an acquisition geometry
with frequency sampling densities that are at least as dense
as the geometries discussed here. While we do not pursue
this application in this paper, this indirect application of our
research appears to be relatively straightforward.
Given our target image encoding application, it is also interesting to ask why we did not consider spatial-domain Kriging as
an alternative. To address this, note that spatial-domain methods
do not have the indirect effect of controlling the sampling
density of FFT frequencies that need to be interpolated. Furthermore, as we shall see in the results section, a very fast and
effective frequency-domain method based on Ordinary Kriging
(OK) can be used to provide effective interpolation in the frequency domain. On the other hand, while the stochastic models
may be simpler, our approach does require phase unwrapping.
We also note that the use of a predefined sampling geometry
allows us to investigate image compression methods that do
not require the overhead associated with having to encode the
spectral location of the FFT coefficients. Thus, our approach
also avoids having to store the coefficient number as required
by popular methods such as basis pursuit [38]. The rest of the
paper is organized as follows. A theoretical background of the
spectral statistical models is given in Section II. This is followed
by a detailed description of the methodology in Section III.
The results are provided in Section IV, followed by concluding
remarks in Section V.
II. T HEORETICAL BACKGROUND
A. Spectral Statistical Models
Digital images are characterized by a discrete spectrum that
is periodic, with a fundamental 2-D frequency support from −π
to π in each dimension. The 2-D FFT of an image produces
a discrete lattice of regularly spaced frequency samples over
the continuous interval of [−π, π]2 . Here, we would like to
investigate the use of methods from spatial statistics that allow
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us to interpolate the 2-D FFT frequencies from a limited subset
of these samples.
To fix the notation, we let the discrete frequency spectrum
samples be at digital frequencies si = (ui , vi ) where i is used
for indexing the different samples. In this notation, the horizontal frequency coordinate is denoted by ui , while vi refers to
the vertical frequency coordinate. Let Z(si ) denote the phase
or magnitude values sampled at location si . The second-order
stationary variogram is [19]
2γ(s1 − s2 ) = var (Z(s1 ) − Z(s2 ))

(1)

where γ(.) denotes the semivariogram (half of the variogram).
Assuming an intrinsically stationary random field, the
method of moments estimator, commonly referred to as the
classical variogram estimator, is given by

1
(Z(si ) − Z(sj ))2
(2)
2γ̂(h) ≡
|N (h)|
(i,j)∈N (h)

where N (h) is defined by N (h) ≡ {(i, j) : si − sj = h} and
|N (h)| is the number of elements in the set N (h). The classical
estimator is unbiased but not robust. Here, we use the term
robust with reference to contamination by outliers [19]. In
other words, the presence of outliers can cause (2) to produce
incorrect estimates.
Due to the periodic nature of the 2-D FFT domain, intrinsic
stationarity cannot be assumed over the entire spectrum. In
order to have confidence in our variogram estimates, we seek
a partitioned spectral domain that lends itself to independent
spectral statistical modeling within the regions defined by the
partition. We intentionally select a dyadic partition, which
allows us to explore our spectral models using a scalable
framework. The dyadic partitioning results in outer regions that
are four times as large as the next smaller regions (see Fig. 2).
These high-frequency regions contain less spectral energy.
Compared to the low-frequency bands, the higher frequency
bands are sampled at a lower sampling density. Conversely, the
innermost contain the low-frequency information of the image,
and we want to preserve the original spectral content therein.
Fig. 2 shows the half-spectrum partitions and numbers them for
reference throughout this work.
For each spectral region, we first consider isotropic models to
fit each magnitude and phase spectra empirical variograms with
one of the following three theoretical semivariogram models
[19].
• The Spherical Model:
⎧
0,
h = 0,
⎨


3
3
1
,
0
<
h ≤ β
(h/β)−(
(h/β)
σ+α
γ(h) =
2
2
⎩
α+σ,
h > β,
σ ≥0,

α ≥ 0,

and

β ≥ 0.

(5)

• The Exponential Model:

0,
γ(h) =
σ + α {1 − exp (−h/β)} ,
σ ≥ 0,

α ≥ 0,

and

β ≥ 0.

h = 0,
h = 0,
(6)

Fig. 2. Spectral partition map. The (zero-centered) discrete frequency domain
is partitioned into high-frequency blocks (blocks 1–6), medium-frequency
blocks (7–12), and low-frequency blocks (13, 14). The low-frequency blocks
were sampled at the regular discrete Fourier transform (DFT) sampling rate. In
this example, the DFT sampling grid is 301 × 401, which is the same as the
size of the original input image. The high-frequency blocks contain 75 × 112
samples while the low and medium-frequency blocks (7–15) contain 37 × 56
samples. Since we are dealing with real-valued images, the frequency spectrum
is conjugate symmetric. Thus, we only need to work with two quadrants of the
discrete frequency space. The other two quadrants are inferred by symmetry
(see more details in Section III, the Methods section).

• The Gaussian Model:

0,
γ(h) =
σ + α{1 − exp − h2 /β 2
σ ≥ 0,

α ≥ 0,

and

β ≥ 0.

h = 0,
h = 0,
(7)

In the above models, σ is the nugget effect, which was
termed by Matheron as a representation of small scale
variations (in our case, subspectral sample variations) that
manifest themselves as a discontinuity at the minimum
measureable range value. The parameter α is referred to as the
variogram sill, and it is defined as the limit of the variogram
as the distance between samples approaches infinity. Typically,
a good initial estimate for the variogram sill is the sample
variance. Finally, β is referred to as the variogram range and
can be thought of as the lag at which Z(s) and Z(s + h) are
no longer correlated. It can be used a guide to determining the
lag distances required to include in spatial prediction.
General anisotropic models that can capture spatial correlations at all possible directions are impractical since they
require estimation of 1-D variograms along a large number
of directions. We would then need to select samples along
each possible direction and range. For practical purposes, a
simplified directional model is considered (e.g., see [39]). In
the simplified model, anisotropic semivariograms are assumed
to follow an ellipsolidal shape. Then, the application of the
simplified model requires the determination of the principal
variogram direction and the anisotropic ratio. Here, the principal direction and anisotropic ratio are defined in terms of
the distance of maximum spatial correlation. Furthermore, the
direction of minimum correlation is assumed to be orthogonal
to the principal direction. To address the sampling issue, a
tolerance parameter is used in order to provide the maximum
allowed angle deviation. Unfortunately, in our case, the number
of samples is also limited by the dyadic partitioning. Here,
note that there are far fewer low-frequency samples than higher
frequency available for model estimation. For determining
anisotropic behavior, we consider Kriging directions every 15◦ .
We provide an example in the results section.
Isotropic models turn to be robust due to the limited number
of parameters that need to be estimated. In this case, only three
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parameters are required. As such, they can be fitted to spectral
regions with relatively small numbers of samples. On the other
hand, the use of a simplified anisotropic model requires additional optimization to determine the principal direction over all
possible cases.
B. Magnitude Spectrum Transformation for Stationary
Random Field Approximation Over Fixed Regions
The magnitude spectrum can decay significantly as function
of the discrete frequency magnitude. Here, the application of
the stochastic models requires that we can provide a stationary random field approximation within each spectral region.
However, within each spectral region, the fact that the magnitude spectrum can vary significantly leads us to consider a
logarithmic transformation and trend removal. On the other
hand, in general, we note that the application of the logarithmic
transformation cannot be assumed to transform a nonstationary
random process into a stationary one. We provide more formal
details of our approach in this section.
When a given spectral-domain region violates the stationarity
assumptions, it may be reasonable to expect that we can provide
good, stationary approximations over a disjoint partition of
subregions of the original region [19, p. 64]. Furthermore,
instead of requiring stationarity over the original region, it is
reasonable to assume that the relative variogram, defined by
(j)
2γZ (h)/μ2j

preconditioned conjugate gradient (PCG) algorithm and the
weighted multigrid algorithm (see [40]).
The minimum norm methods produce the smoothest surfaces
but result in a very large range of unwrapped values. As
mentioned earlier, large phase values are undesirable because
the quality of the reconstructed phase depends on the relative
error within the range of (−π, π], regardless of the unwrapping
method. Larger unwrapped phase values resulted in significant
relative error within the range of (−π, π] of the interpolated
phase values. Unwrapped phase surfaces with the smallest
range of values obtained by Flynn’s minimum discontinuity
method gave the best results.
D. Optimal Interpolation Using Kriging
Assuming that each spectral location can be modeled by the
constant mean and zero-mean intrinsically stationary random
process δ(s), we write Z(s) = μ + δ(s). OK estimates the
optimal linear predictor using a weighted sum of the known
data points within a region, B using [19]
p(Z; B) =

C. Phase Unwrapping
Phase interpolation presents significant challenges due to
the fact that the estimated phase is wrapped into the interval
(−π, π]. Sharp discontinuities in the wrapped phase make it
particularly challenging for interpolation. On the other hand,
phase unwrapping can generate large phase values which can
magnify interpolation errors. To see this, note that a small phase
reconstruction error for large values can map to a relatively
large error in the wrapped interval of (−π, π], and it is this
wrapped interval that is relevant for reconstruction purposes.
We explored the use of five different 2-D phase unwrapping
techniques that are described and implemented in software
[40]. Three of the algorithms we applied to the phase spectra
are path following techniques: Goldstein’s Branch Cut method
[3], quality guided path following [41], and Flynn’s minimum
discontinuity method [42]. The other two methods can be
described as minimum norm methods, which approach phase
unwrapping in a mathematically formal manner. These are the

λi Z(si ).

(9)

i=1

We also require that the optimal data points should satisfy
n


λi = 1

(10)

i=1

(8)

where μj denotes the jth subregion average, will remain approximately constant over all sub regions, independent of j. It
can be shown that the application of the logarithmic transformation will produce an approximately intrinsically stationary
random field over the original region [19]. The importance
of this result is that the logarithmic transformation allows us
to apply our methods over each spectral region of Fig. 2,
without requiring any knowledge of the specific boundaries of
the constituent subregions.

n


which guarantees uniform unbiasedness.
Numerical optimization techniques are used to minimize
the prediction error with respect to the selected model values
(λ1 , λ2 , . . . , λn ) and the resulting Lagrange multiplier that
ensures the constraint holds resulting in a system of linear
equations. The computational complexity of the Kriging interpolation step is dependent on the size of the linear system.
In matrix form, the solution’s computational complexity is
governed by a matrix inversion of size (N + 1) × (N + 1),
where N is the number of interpolated samples being sought.
For modeling possible trends in the data, we also consider
Universal Kriging model of the form [19]
p(Z; B) =

p+1


βj−1 fj−1 (s) + δ(s)

(11)

j=1

where fj−1 (si ) is the jth function of position (j =
1, 2, . . . , p + 1), β is an unknown vector of p + 1 parameters,
and δ(s) denotes a zero-mean intrinsically stationary random
process. Here, note that the use of Universal model requires
a choice of suitable trends functions and the estimation of the
function coefficients (β).
III. M ETHODS
A. System Block Diagram
The overall system is summarized in Figs. 3 and 4. Fig. 3
summarizes the “encoding steps.” In other words, it provides
the phase and magnitude samples and the statistical model
parameters that are needed for representing the input image.
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minimum discontinuity method. The best statistical models
are selected for each frequency block. The collection of the
retained samples and the statistical models can be used for
reconstruction as shown in Fig. 4.
In Fig. 4, the first step is to interpolate the phase and magnitude samples over each frequency block. The frequency block
reconstructions are put together to reconstruct the 2-D FFT
samples. The exp(.) transformation is applied to the magnitude
spectrum to invert the log(.) step. The inverse 2-D FFT is then
used to reconstruct the input image.
Here, note that for real images, only two quadrant samples
are needed. The other two quadrants are obtained by conjugate
symmetry. We will next provide more details on the sampling
geometries, the interpolation process, the statistical model fitting, and the interpolation process.
B. Spectral Sampling Geometries

Fig. 3. Spectral sampling for remote sensing image compression. This represents the encoder part of the method. It produces the samples and the statistical
model parameters that are needed for reconstruction. Refer to Table I for the
target compression rates that can be achieved with the proposed approach.

Fig. 4. Fourier and spatial image reconstruction flow chart. This represents
the decoder part of the method. It represents the spatial image reconstruction
procedure using only the statistical model parameters and the retained image
and phase samples.

The “decoding steps” are given in Fig. 4. Fig. 4 provides
the steps for reconstructing the input image from the retained
spectral samples.
The encoding approach starts with selecting the target compression ratio based on the fraction of frequency-samples that
will be retained. Given a target compression ratio from 6.01%
to 28.91%, Table I can be used to select the best sampling
geometry.
In the encoding phase, the phase and magnitude samples
are obtained using a 2-D FFT. The frequency samples are
partitioned into low, medium, and high-frequency blocks as
given in Fig. 2. Prior to interpolation, the logarithmic transformation is applied to the magnitude spectrum. As discussed in
Section II-D, phase unwrapping is performed using Flynn’s

The scalable, adaptive spectral lattice sampling approach
we propose allows for the use of the region-based spatial
statistical models described above. First, utilizing the symmetry
provide by the Fourier transform of real-valued data, F (u, v) =
F ∗ (−u, −v), where F ∗ is the complex conjugate operation, the
magnitude spectra and phase spectra symmetry are expressed
as |F (u, v)| = F |(−u, −v)| and ∠F (u, v) = −∠F (−u, −v),
respectively. This allows us to represent an N × N image by
(N/2 + 1) ∗ N spectral samples. For implementing the phase
unwrapping methods, we first reconstructed the phase over the
entire frequency spectrum. Then, we take the real part of the
reconstructed image.
We applied different uniformly spaced sampling rates for the
large and small (outer and inner) dyadic partitions in a manner
that reduced the number of frequency samples as a function of
the relative frequency magnitude. In other words, the samples
near the low-frequency components were not downsampled, as
the majority of the image energy is concentrated there. Given
that image energy drops with the increasing frequency magnitude, we considered sampling rate reductions for the outer and
inner (non-dc) spectral partitions that are twice as dense for the
blocks closer to the center of the spectrum. This allows analysis
of sampling rate reductions for the outer and inner spectral
partitions that provide acceptable image reconstructions. Table I summarizes the overall spectral sampling rate we achieve
when uniformly sampling the magnitude and phase spectral
regions at various rates. It is also important to note that we have
independent sampling rates for frequency and phase samples. In
all cases, the sampling geometries of the magnitude spectrum
are a proper subset of the sampling geometries of the phase
spectrum. This means that we have far less magnitude spectrum
samples than phase spectrum samples. Furthermore, for each
phase spectrum sample, we have the corresponding magnitude
spectrum sample. This is due to the fact that phase interpolation
is far more challenging than magnitude spectrum interpolation.
C. Variogram Model Selection and Fitting
First, we need to estimate three variables when selecting
the appropriate model for the empirical variograms calculated within each frequency block. The second consideration
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TABLE I
S PECTRAL S TATISTICAL DATA S AMPLE R ATES

required when calculating variogram models is the extent of
the range that will be used in the variogram estimation. The
additional computational cost of variogram calculation over the
entire frequency block was chosen as part of the variogram
estimation process. This ensures that our method is scalable;
allowing multiple sampling rates within a single frequency partition to be explored based a single estimate of the variogram.
In other words, we ensure that the estimated model provides a
semivariance for the minimum sampling rate.
A third consideration that is explored is the number of semivariance values to fit and which model best fits the empirical
data. We appeal to numerical optimization to determine which
model via nonlinear least squares curve fitting. The sampling
rate applied to each spectral partition will be used to govern the
size of the maximum lag we wish to fit the model to.
The consideration of anisotropic models requires the estimation of the dominant direction and the anisotropy ratio. Here,
note that if the anisotropic model gives a ratio that is in the
range of 0.7–1.0, we reject the anisotropic model in favor of
an isotropic model. This avoids possible overfitting of isotropic
data with an anisotropic model. Also, if the anisotropic model
fits fail, we default to an isotropic model that tends to be more
robust.
D. Kriging Interpolation of Magnitude and Phase Spectra
Both Ordinary and Universal Kriging are considered with
the log-magnitude and unwrapped phase data. Two parameters
were explored in finding the optimal Kriging result: the maxdistance and the max-samples values. The former refers to
the circular radius of the maximum discrete-frequency space
distance that needs to be considered for estimating the missing
value, while the latter refers to the exact maximum number of
known FFT samples that need to be considered for providing
the optimal estimate. We chose to limit our exploration to the
max-samples parameter, as it is not prone to geometric constraints along the edges of the frequency blocks and provides
consistent reconstruction models. Here, we note that the two are
closely related. Based on the sampling geometry, we can derive
the max-samples parameter from the max-distance parameter.
Furthermore, it is clear that the max-distance parameter is
closely related to the correlation length.
Using the max-samples value that provides the best reconstruction (in terms of PSNR), we reconstructed both the

magnitude and the unwrapped phase (using Flynn’s minimum
discontinuity method) from variogram estimates calculated
over all samples within a given spectral block. We compared
both the reconstructed magnitude and phase samples from the
Kriging method here to the established methods for 2-D interpolation: nearest-neighbor, bilinear, and spline interpolation.
A comparison of the image produced by the inverse Fourier
transform of all reconstructed spectral samples is also included,
where the PSNR and SSIM matrix [20] are used to quantify the
reconstructed spatial images.
IV. R ESULTS
We summarize the results in four sections. First, we present
results from nonstationarity tests on the magnitude. Second,
we present results from the use of different variogram models.
Then, we discuss interpolation results (Kriging), followed by
comparisons of image reconstructions obtained by different
methods.
A. Log-Magnitude Stationarity Assumption
A basic assumption of our model is that the use of the
log(.) operation results in a stationary model for the magnitude
spectrum. Exploratory analysis of several spectral blocks did
not show any significant trends or deviations from stationarity. The important exception to this observation comes from
highly directional structures (e.g., images of roads). In such
cases, small portions of the magnitude spectrum showed strong
directional information. Thankfully, because a small portion of
the spectrum is affected, our methods still performed well.
Following nonstationary analysis tests suggested by Cressie
[19], we present a typical example in Fig. 5. The log-magnitude
medium-frequency block is shown in Fig. 5(a). After removing
linear trends, boxplots of the rows are shown in Fig. 5(b). An
examination of the boxplots of Fig. 5(a) shows that they tend
to follow a relatively stable pattern. A similar result is evident
in the boxplots of the columns shown in Fig. 5(c). A more
sophisticated test of nonstationarity is presented in the “pocket
plot” of Fig. 5(d) [19]. In Fig. 5(d), along the north-south lags,
we present boxplots for each row. Nonstationary behavior for
a particular row is characterized by boxplots that are centered
away from zero. In the plot, rows 13 and 28 show nonstationary
behavior. The rest of the rows appear relatively close to zero.
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Fig. 5. Medium-frequency, log-magnitude block for testing stationarity. (a) Original image. (b) Row boxplots. (c) Column boxplots. (d) Pocket boxplot along
each row for identifying nonstationary pockets in the data.

Thus, for the majority of the rows, it appears that the stationarity
assumption holds.
B. Comparison of Variogram Models
In exploratory analysis for possible trends in the data, it was
determined that a linear model would suffice. This decision is
further supported by results that indicated that deterministic
methods based on linear interpolation gave very competitive
results (e.g., see Table III and later discussion in this section).

In Fig. 6, we present we present a comparison of various variogram models on a medium-frequency and a high-frequency
block. Here, we are looking at an example of interpolating
the unwrapped phase image of Fig. 6(a). Optimal, isotropic
variogram models based on OK are presented in Fig. 6(b) and
(c). In these examples, we note that the “unboundedness” in the
ordinary variogram model indicates possible trends in the data.
The use of Universal Kriging with linear trends shows much
better fits in Fig. 6(d) and (e). In particular, it is clear that the
variogram fits are bounded by a deterministic sill.
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Fig. 6. Comparison of various variogram models for two specified spectral blocks of a given unwrapped phase of an image of the urban class. (a) The entire
unwrapped phase and indicated blocks from which the models were derived. (b) The Ordinary Kriging empirical variogram and fitted model for Block 4. (c) The
Ordinary Kriging empirical variogram and fitted model for Block 7. (d) The Universal Kriging (assuming a linear trend) empirical variogram and fitted model for
Block 4. (e) The Universal Kriging empirical variogram and fitted model for Block 7. (f) The directional variograms for Block 4, indicating that no directional
component has a significant correlation and an Isotropic Model is supported in this case.

While Universal Kriging appears to be much better suited for
phase interpolation, it did significantly worse than OK on magnitude interpolation. Phase interpolation is limited by the need
for phase unwrapping and the nonstationary characteristics of
the phase. Also, we found that Universal Kriging could lead to
overfitting the magnitude data. This observation is significant
because most of the compression gains come from interpolating

the high-frequency magnitude blocks. As we discuss later in
this section, this resulted in OK performing well when comparing image reconstruction quality to that of Universal Kriging.
The use of anisotropic models proved to be somewhat less
effective. Some of the issues are demonstrated in Fig. 6(f). In
the example of Fig. 6(f), note that there is no clear dominant direction. Furthermore, at larger distances, the estimates tended to
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TABLE II
H IGH -F REQUENCY B LOCK R ECONSTRUCTION PSNR, M AGNITUDE . S AMPLING R ATES
A RE E QUAL A LONG THE H ORIZONTAL AND V ERTICAL D IRECTIONS

be noisier since there are fewer samples used in the estimation.
On the other hand, the presence of strong, directional spatial
components did lead to better fits by anisotropic models. Here,
we use the term “strong” to refer to long spatial extends. For
example, a long road will lead to the need for anisotropic models. Overall, though, as we shall describe later, the significant
computational complexity associated with fitting anisotropic
models may not be justified by marginal improvements in the
results.
C. Magnitude and Phase Kriging
Based on the sampling rates that were considered and the
range of the empirical variogram models, we considered fitting
the variogram from two to the number of samples that ensure
complete inclusion of all data points within a given spectral
block. The combination of these parameters led us to perform
a search for the optimal estimation parameters for Kriging
reconstruction on both the magnitude and unwrapped phase
data, respectively.
Table II contains nonparametric summary statistics of the
high-frequency block magnitude reconstruction PSNR values
over all ten images. The statistics we have chosen are the
minimum, first quartile, median, third quartile, and maximum
PSNR values of all reconstructions at the three high-frequency
sample reduction rates and the three medium-frequency sample
reduction rates. For comparison, the same statistics for the cubic
spline, nearest neighbor, and linear interpolation algorithms are
also included. The above results were obtained by fitting the
minimum number of semivariance values up to either a radius
of 25 for sample rates greater than 8; or the radial distance
equal to three times the sampling rate for sample rates less than

8. The Ordinary, isotropic Kriging steps were performed using
the derived max-samples from a max-distance parameter value
of 25 for the high-frequency blocks and 20 for the mediumfrequency blocks. Experiments on both the high and mediumfrequency blocks revealed that these are the optimal parameter
values. Going beyond 25 neighbors does not gain significant
improvement in reconstructions. The additional computational
cost is not worth an unperceivable gain in reconstruction
quality.
Relative PSNR improvements obtained by using Kriging
over the other interpolators for the medium-frequency blocks
of the magnitude of the Fourier samples were very similar to
the results of the high-frequency blocks. Not surprisingly, the
PSNR values were higher for the medium-frequency blocks
because of the higher sampling rates used in our approach for
the data in the middle of the Fourier domain.
Similar reconstruction performance tests were done on the
various phase unwrapping methods presented above. Our experimental results indicated that the PCG method shows the
highest median PSNR values. The overall best reconstructions
(based on the maximum achieved PSNR) were achieved using
Flynn’s minimum discontinuity method. Both methods resulted
in similar statistical values, and our choice again returns to the
amount of unwrapping performed by each method. As noted
previously, Flynn’s minimum discontinuity method produces
the globally minimal phase unwrapping solution. Errors within
an unwrapped surface that is represented by a smaller range
of phase values will produce a smaller absolute error when
the phase is rewrapped by the inverse FFT operation than an
unwrapped surface with greater range in the unwrapped phase
values. The PCG and Flynn method are both iterative as they
solve optimization problems.
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TABLE III
I MAGE R ECONSTRUCTION P ERFORMANCE , P HASE , AND M AGNITUDE S AMPLING

D. Image Reconstruction Comparisons
We provide comparative image reconstruction results based
on Kriging, bilinear, cubic spline, and nearest neighbor interpolation. Tables III and IV summarize the reconstructed
image quality for each image class in terms of average PSNR

and SSIM values at each sampling rate. In each case, the
corresponding phase and magnitude sampling geometry can
be found in Table I. Magnitude-only interpolation results are
presented in the upper part of the table for sampling geometries
S1–S3. Combined magnitude and phase interpolation results
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TABLE IV
I MAGE R ECONSTRUCTION P ERFORMANCE , C OMPARING I SOTROPIC AND A NISOTROPIC M ODELS U SING O RDINARY AND U NIVERSAL K RIGING

are given in the lower part of the table for sampling geometries
S4–S12.
In terms of SSIM, we consider reconstruction results to be
excellent if they achieve values above 0.75 (maximum = 1.0,
see [20]). One of the most exciting results is that we can achieve

excellent reconstructions for rural images using just 6.01% of
the original FFT samples by sampling geometry S12. For this
geometry, for the high-frequency blocks, only one out of 64
phase samples are kept. The caption in Table I provides more
details for S12. Ordinary, anisotropic Kriging provides the best

3690

IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING, VOL. 50, NO. 10, OCTOBER 2012

Fig. 7. Urban image reconstruction example based on S3 (see Table I). The top reconstruction is a sample urban scene in which the magnitude downsampling
rate was eight in the middle frequency blocks in each dimension and 16 in the outer frequency blocks in each dimension using the Kriging interpolator for the
magnitude coefficients. (b) Same image using Spline interpolation.

Fig. 8. Natural image reconstruction example based on S5 (see Table I). (a) Ordinary Kriging with Isotropic Model reconstructed image (PSNR = 68.42 dB).
(b) SSIM image (mean value = 0.8018). (c) Ordinary Kriging with Anisotropic Model reconstructed image (PSNR = 67.29 dB). (d) SSIM image
(mean value = 0.7970). (e) Universal Kriging with Isotropic Model reconstructed image (PSNR = 68.24 dB). (f) SSIM image (mean value = 0.7966).
(g) Universal Kriging with Anisotropic Model reconstructed image (PSNR = 67.78 dB). (h) SSIM image (mean value = 0.7882). (i) Bicubic interpolation
reconstructed image (PSNR = 69.02 dB). (j) SSIM image quality map for bicubic interpolation reconstructed image (mean value = 0.7670). (k) Original Image
for comparison.

mean-SSIM results for this case. Same goes for S11 at just
6.45% and S10 at just 8.2% of the 2-D FFT samples.
For natural images, we do not get excellent reconstructions
until we increase the sampling rate to 24.02% (S5 sampling

geometry). For the S5 sampling geometry, it is interesting to
note that bilinear interpolation outperformed all other methods.
Among Kriging methods, Universal Kriging with isotropic
modeling has generally given better results for the S4 (25.78%)
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and S5 (24.02%) geometries. For these geometries, in terms of
image quality, Universal Kriging with isotropic modeling gives
excellent performance. The very best reconstructions are given
by OK interpolation for reconstructions based on magnitudeonly interpolation (S1–S3 for 26.71% to 28.91%). Bilinear
interpolation provides the best results at the lower sampling
rates associated with S4 and S5. For urban images, excellent
reconstructions can be obtained with just 23.58% of the samples
(S6 sampling geometry). Again, OK with isotropic modeling
dominates over other reconstruction methods for magnitudeonly interpolation while bilinear dominates when phase interpolation is added. Anisotropic Kriging methods did give
better reconstructions for some geometries (e.g., S6 and S9).
It is interesting to note that in the cases where Universal and
anisotropic Kriging ouperformed Ordinary, isotropic Kriging,
bilinear interpolation yielded the best results. In fact, in all these
cases, Bilinear interpolation did better than Kriging methods.
Fig. 7 shows the reconstructed urban scene for the S3
sampling geometry (see Table I). The reconstruction in (a)
was achieved using the Kriging interpolator for magnitude and
used the original phase spectra in the reconstruction. Note the
improvement in SSIM (+9.64%) and PSNR (+6.3 dB) over the
cubic spline interpolated reconstruction in (b).
Fig. 8 shows a reconstructed natural image scene for the
S5 sampling geometry (see Table I). In terms of PSNR, OK
with isotropic modeling and Bicubic interpolation gave similar
performance (68.4 dB versus 69.0 dB). On the other hand, the
average SSIM was better for OK (0.80 versus 0.77). A careful
comparison of the SSIM quality maps in Fig. 8 (b) and (j)
shows significant differences. For the Bicubic reconstruction,
the SSIM quality maps seem to be highly correlated to the
input image. This implies that the Bicubic reconstruction does
not provide a model that works uniformly over different image
structures. Kriging reconstructions do better in this respect. The
Kriging SSIM maps of Fig. 8 do not have strong correlations to
the input image. Overall, it is interesting to note that OK with
isotropic modeling did better than all other Kriging approaches.
Universal Kriging with isotropic modeling was a close second.
It is also interesting to note that anisotropic models did not
perform better than the isotropic models. Spatially, we can see
image structures among many different directions in the input
image. This probably contributes to the fact that picking the
dominant direction did not work so well.
V. C ONCLUSION
In this paper, we have developed a nonstationary spectral covariance modeling technique for application to both phase and
magnitude interpolation. We have developed scalable sampling
geometries that also allow for independent rates for the phase
and magnitude. Excellent image reconstructions are obtained
using a fraction of the original FFT magnitude and phase
samples. This allows the compression of remote sensing images
by representing them with a fraction of the FFT coefficients.
By partitioning the frequency spectrums into independent
blocks, we provide a nonstationary method that produces an
effective spectral covariance model over small, intrinsically
stationary regions. Theoretical variogram models were then
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calculated for each block in an adaptive fashion, ensuring the
selection of the best models. Using the optimal models, we
were able to reconstruct the phase and magnitude spectra using
stochastic or deterministic interpolation methods. Using individual reconstructions from ten images and 12 frequency blocks
per image (keeping the two low-pass blocks “as is”), we were
able to explore the effect of the number of samples (which is
proportional to the block sample rate) used in the Kriging estimate and discovered that a relationship exists between the number of samples used in Kriging and the reconstruction accuracy.
The large number of Kriged phase blocks allowed for a quantitative comparison between phase unwrapping methods. The
path following phase unwrapping algorithms result in unique
phase surfaces. We have shown that some unwrapping methods
result in phase surfaces that are better suited for our spectral
statistical modeling approach. It was found that both the Flynn’s
minimal discontinuity and both minimum norm methods
(weighted multigrid and PCG) resulted in much better block
reconstructions. Our decision to implement Flynn’s method was
due to the fact that it generally results in a smaller range in the
unwrapped values, from which localized interpolation values
will result in a smaller absoluter error when the inverse 2-D FFT
is applied to the reconstructed magnitude and phase spectra.
For urban images, OK with isotropic modeling gave the best
interpolation results at extremely low sampling rates (6.01%).
This method also gave the best reconstruction results for
magnitude-only interpolation for natural and urban images.
Universal Kriging with linear trends and isotropic models
gave excellent results for the S4 (25.78%) and S5 (24.02%)
geometries.
In terms of performance and computational complexity, Ordinary, isotropic Kriging was the preferred method. It produced
satisfactory results given that it was the simplest and most
efficient method in terms of computational complexity. Our investigation suggests that it worked better by avoiding overfitting
the magnitude spectrum data. Furthermore, compared to the
best deterministic approaches, Kriging methods provided image reconstructions with more uniform quality (see Fig. 8). In
contrast, the quality of reconstructions from deterministic methods appears to correlate strongly to the input image (see Fig. 8).
Overall, by considering Universal Kriging with trend functions,
stochastic models allow for better flexibility in the model.
The paper did not investigate lossless encoding methods.
Lossless phase encoding can be used in addition to magnitude
interpolation to improve the results. Phase interpolation is clearly much more challenging than magnitude interpolation. Phase
unwrapping makes the phase interpolation process possible.
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